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ABSTRACT. We prove an almost sure limit theorem for the product of partial sums of random variables in the
domain of attraction of an a-stable law when 1 < a < 2.

1. Introduction and Main Result

Arnold and Villasefior (1998) proved the following central limit theorem for the partial sum S, of a

sequence of exponential random variables of (X,,),>1 with mean 1:

% (kz_llog(Sk) —nlog(n) +n> LN asn—oo

where N is a standard normal variable.

Rempata and Wesotowski (2002) proved that (1.1) was still valid for any sequence of square integrable,
independent and identically distributed (i.i.d.) positive random variables. Later Qi (2003) considered a
sequence of random variables (X,,),>1 in the domain of attraction of a stable law £ with index a when

1 < a <2 and proved that there existed a numerical sequence (ay),>1 such that

n /an
(1.1) (Lk—l S’“)“ D, latniec

as n — oo
nly™

where T'(a + 1) = fooo x®e *dx. A particular case of (1.1) when o = 2 was proved by Rempala and
Wesotowski (2002).

The goal of this paper is to obtain an almost sure version of (1.1) when 1 < a < 2. The case when
a = 2 was proved by Gonchigdanzan and Rempata (2006). Our main result is the following almost sure limit

theorem:

Theorem 1.1. Let (X,,)n>1 be a sequence of i.i.d. positive random variables in the domain of attraction of
an «-stable law of L with 1 < a < 2 and E(X1) = u. Then there exists a sequence of positive real numbers

(an)n>1 such that for any real x

N n w/an
(1.2) Ly L ((M> < x) 3% P(z) as N — oo.

log N —n nly™

where F' is the distribution function of the random variable L)/ L
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It is known that classic central limit theorem does not imply almost sure limit theorem in general. We

refer to the survey paper Berkes (1998) for more detail discussions.
2. Auxiliary Results and Proofs

2.1. Existence of (ay) in Theorem 1.1.
It is well known from the theory of stable distribution that there exist a sequence of positive real numbers
(an) and a sequence of (by,) that satisfy

n_bn
(2.1) Liﬁ as n — 0o
an

where £ is an a-stable distribution for 1 < o < 2.
In fact, we show that (1.2) holds for any sequence of (a,) that satisfies the above weak convergence. [
2.2. Auziliary Results I: Independent Random Variables

First, let us prove two theorems for i.i.d. random variables which are not necessarily in a stable law.

Throughout the paper a < b stands for a = O(b).

Theorem 2.1. Let Y1,Ya,... be independent random wvariables and let (dn)n>1 be a positive numerical

sequence such that

(2.2) E

1 n
T3 bl = )| = Olog)
k=1

where bk = 3y <<, 1/5. Assume that

(2.3) j—; > (é)7 (1> k>nop)

for some v > 0 and ng > 1. Then for any distribution G,

N n
1 1 _1 a.s.
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if and only if

N n
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where I denotes the indicator function.

Proof. Denote that S, , = Zlgkgn b n(Ye — 1) and & = f(Skk/di) — Ef(Sk.k/drk). Tt is known that
Snon/dn L. X for a random variable X if and only if Ef(S, n/dn) — Ef(X) for any bounded Lipschitz
function f as n — oo. Hence to prove the theorem it suffices to show that

n

1 1, as.
2. — - .
(2.6) Togn ,;:1 kgk —0 as n— o




However the following is sufficient for (2.6) (Berkes and Dehling (1993), p. 1648):

(2.7) (Z §k> = O(log?%n) for some & > 0.

Therefore, we will show (2.7) to prove the theorem.
Writing Sl,l _Sk,k = bk+1,lSk+ I:karlyl(YkJrl—'u/)‘i" . ~+b”(Yl—,u)] for [ > k, we see that Sl,l_Sk,k_karl,lSk

is independent of Sy ; and hence

—Spn—b
Cov (Jc(xs;l;,k),f(sz,z Sk,kd k+1,15k>> —0 for I > k.
k !

Thus for I > k

S S Si1— Sk — brs1aS
’E(fkfl)’<< Cov| f Pk.k f 2Lt —f Ll kok = Ok41.09k 1\ |
dk dl dl
By the Lipschitz property of f, (2.2), and (2.3) we have

|br+1,0K]

di ( <
| Sk k| S|
E b —E [Pk]
dl ( s + k11, 4 7 <

Sik + bryp1.S
E(6.4)| < B (M) <E (
d A (k) K\
< d—klogk—l-bk“,ld—k < (—) logk + biy1, <—> .
l l l l

Note that bx11,; = O(log(l/k)). By choosing € > 0 so that bx11,; < (I/k)¢ and € < 7 we have the following

¥ ¥ ¥
|E(&:&)| < (?) logk + (?) < (?) log k

On the other hand we have a trivial estimate of E(§,§) < K 2 because & is bounded. These two estimates
of E(£x&) will be used as follows:

estimate

where v/ = v —e.

1, if 1/k < exp((logn)'~?)

E(§:&) < { )
(k/l)’Y logk, if l/k> eXp((logn)1*5)

where § is any positive number and exp(t) = e'.

Using the above estimates

E 1 1 "1
(2.8) Z (i]fl) < Z Z 7 < Z z log' °n < log* ™’ n
1<I<k<n L 1<k<n = g<i<kelogn)l—9 k=1
l/k<exp (logn) ~
and
E(€k&) _ oy (ogn)—* 1 —/(logn) 1% 1 3 2-5
(2.9) Z — <e v iog logn Z o e bos log® n < log” ™’ n.

1<I<k<n 1<k<I<n

1/k>exp (logn)'~?

Thus (2.8) and (2.9) together give (2.7). O
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Theorem 2.2. Let (Y,)n>1 be a sequence of i.i.d. random variables. Denote S, = Z?:l Y;. Assume that
E|S,| < oo for allm > 1. Then, for any real numbers of A1, A2, ..., An assuming A\g = 0 the following
inequality holds:

G| < EISal D 1A = Al

Proof. Observe that
Z)\ Y = Z Yi+ Y+ + V) = Aj).
Jj=1
Note that E|Sy,| < E|S,| for m < n because |S,| is a submartingale. Since (Y;);>1 are i.i.d.,

G| =D B+ Y4+ Yol = N S EISul YA - Al O

j=1 j=1

2.2. Auziliary Results 1I: Random Variables with Stable Distribution

The following settings and assumptions will used throughout the rest of the paper:

a. (Xp)n>1 is a sequence of i.i.d. positive random variables in the domain of attraction of an a-stable
law of £ with 1 < oo < 2 with E(X3) = p

b. S, =Xi+Xo+---+ X, and S, = Zlgkgn b n( Xk — 1)

c. (an)n>1 is a sequence that satisfies (2.1)

d. by, = Zkgjgn 1/5.

Now we are going to prove three lemmas that will be needed for the proof of our main theorem.

Lemma 2.1. We have

Eié@(‘ﬂurm%mmm

Proof. By Theorem 6.1 in DeAscota and Giné (1979) we have

E}Z@rm}mu

n i

Hence, by applying Theorem 2.2 when \; = log j,

1 & +1 1 &
Ea—zlog(nj )(Xj—u)’SE—Zlog(nJrl)(Xj—u)’JrE

1 n
— ) "log (X, —

n n n—1
< B|L Z | log(n +1) + E|— ! Z — )| > |log(j +1) —logj| < logn. O
j:1 j:1 Jj=1

Lemma 2.2. We have

N
10g g

(2.10)

( Sx)gf(a—kl)l/aﬁ as N — oo.
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Proof. By Lemma 2.3 in Qi (2003) we have

1 1
—Zlog(nz )(Xk—,u)if(a—l-l)l/aﬁ as n — oo.
" k=1

1
Hence using the fact that log (%) = O(bk ) we have

1 1 & bi.n n+1 D o

a_S"’":a_Z nt 10g( k >(Xk—#)—>F(Oé+1)l/ L

. nk_llog(_>

k
that implies
1 K1, /(S
2 n,n 1/a

(2.11) 10gN;nP(an §x>—>F(a+1) L as N — oo.

By Lemma 2.1 the condition (2.2) of Theorem 2.1 holds. It is known that a,, satisfies (2.3) (Berkes and
Dehling (1993), p. 1644). Thus by Theorem 2.1, (2.11) is equivalent to (2.10). O

Lemma 2.3. We have

a.s.
—0 as n — oo.

1 < Sk 1 (S
() - i)
Proof. We use the following facts to prove the lemma:

a. Marcinkiewicz-Zygmund SLLN: (S, —nu) = o(n'/P) when EX? < oo for 1 < p < 2 (Chow and
Teicher (1997), p. 125).

b. log(1 +z) — z = O(z?) for |z| < 1/2

c. a, can always be given in the form of a,, = n'/*L(n) where L is a slowly varying function. Hence,
n® = o(a,) when 8 < 1/a and also n?/?~'/a,, =% 0 for any p € (£, @) (Qi (2003), p. 98).

Since Sy, /(uk) — 1 2% 0, the above facts together give

1 n
<=3

1 Sk 1 [ Sk
a2 (it) o )

k=1

_ 2 2/p-1
(L“ k'“) <<n 2%0. O

Qn

2.4. Proof of Main Result

We are now ready to prove our main result Theorem 1.1. The main idea of the proof is similar to the

proof of the ASCLT in Gonchigdanzan and Rempata (2006). We can write

N

1 1 I Sk a.s. 1/a
— - Rk — <
o E I(an E ( 1>_x>—>F(oz+1) L as N — o

n
n=1



and

Hence we have

N n
1 1 12 Sk a.s. 1/a

n /an
M Sk Hk 1S g
= log (=) =1lo
U €= Og(%) g( nly™

N 1 H w/an
) NZ_ ( k=1 ) <z | LS T(a+1)YYL as N — oo
oglN e=n m

Thus, noting

we have

nlu

that is equivalent to

1 Y Hk 1S e a.s. Dlat1)/eL
Z <z| —e as N —oco. O
logNn “n n',u
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